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Abstract. We give classifications of integral lattices which include the Barnes-Wall lattice
BW16 or laminated lattices of dimension 1 6 d 6 8 and of minimum 4. Also, we give
certain lattice neighboring from each lattice. Furthermore, we study spherical designs
and the other properties.
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Introduction
We have the following lattice neighboring from the Barnes-Wall lattice BW16 to the three unimodular
lattices Λ16,2,3, D
+
16, and E8 ⊥ E8:
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Figure 1. Lattice neighboring from BW16
Here, the above figure means that O16 = BW16 ∪ (f1 + BW16), for example. We will introduce the
definitions of the lattices and vectors for the lattice neighboring in Figure 1 are in Section 1.1.
Lattice neighboring is to consider neighbors of the given lattice, whose intersection has index two in
each of them. In this note, we consider lattice neighborings with integral lattices, that is we consider an
integral lattice L′ = 〈L, x〉 as a neighbor of the given lattice L and some vector x ∈ L♯ \ L of integral
norm if 〈L, x〉 = L ∪ (x+ L).
Furthermore, we have the following fact:
1
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Theorem 1.1 (see Section 1). The integral lattices which include BW16 are isometric to one of the
nine lattices in Figure 1, namely BW16, O16, Λ16,2,1, Λ16,2,2, Λ16,2,3, Λ16,2,1
′, Λ16,2,2
′, Λ16,2,3
′, D+16, and
E8 ⊥ E8.
Similarly, we consider lattice neighborings for the following laminated lattices.
We denote by Λn the laminated lattices of minimum 4 for 0 ≤ n ≤ 24. We can refer to [1] for the
definition of laminated lattices. We have the following theorem:
Proposition 1 (cf. [1] Ch.5, Theorem 2). The laminated lattices Λ0,Λ1, . . . ,Λ8 are unique and are
isomorphic to Λ0,A1 ∼= Z,A2,A3 ∼= D3,D4,D5,E6,E7,E8 respectively. Their determinants are shown
in the following table:
n 0 1 2 3 4 5 6 7 8
Lattice Λ0 2Z
√
2A2
√
2A3
√
2D4
√
2D5
√
2E6
√
2E7
√
2E8
Det. 1 4 12 32 64 128 192 256 256
Furthermore, Λ16 is isometric to BW16, and that Λ24 is the Leech lattice.
If the determinant of Λd is a power of four, then, similarly to BW16, we can consider a lattice neigh-
boring from Λd to some unimodular lattices.
Let Sd−1 := {(x1, . . . , xd) ∈ Rd ; x21 + · · ·+ x2d = 1} be the Euclidean sphere for d > 1.
Definition 2 (Spherical design [2]). Let X be a non-empty finite set on the Euclidean sphere Sd−1, and
let t be a positive integer. X is called a spherical t-design if
(1)
1
|Sd−1|
∫
Sd−1
f(ξ) dξ =
1
|X |
∑
ξ∈X
f(ξ)
for every polynomial f(x) = f(x1, . . . , xd) of degree at most t.
Here, the left-hand side of the above equation (1) means the average on the sphere Sd−1, and the
right-hand side means the average on the finite subset X . Thus, if X is a spherical design, then X gives
a certain approximation of the sphere Sd−1.
Furthermore, we denote the distance set of X by A(X) := {(x, y) ; x, y ∈ X, x 6= y}; then we call X
an s-distance set if |A(X)| = s. Now, X is said to be a (d, n, s, t)-configuration if X ⊂ Sd−1 is of order
n(:= |X |), a s-distance set, and a spherical t-design.
The set sm(L) of vectors of the lattice L which take the same value m for their norm is called the
shell of the lattice, i.e. sm(L) := {x ∈ L ; (x, x) = m}. For every nonempty shell sm(L) of a lattice L,
a normalization X = 1√
m
sm(L) is considered, where X is a finite set on an Euclidean sphere. A lattice,
whose minimal shell is a spherical 4-design (i.e. a 5-design), is said to be strongly perfect.
0. Preliminaries
In this note, we denote by ε1, . . . , εd an orthonormal basis of R
d, and we denote by e1, . . . , ed a basis
of the lattice L = Ze1 ⊕ · · · ⊕ Zed ⊂ Rd. Furthermore, we also denote Lm := L ⊥ L ⊥ · · · ⊥ L and
L(x1, . . . , xk) := 〈L, x1, . . . , xk〉.
B. B. Venkov introduces the following construction of the lattice:
Lemma 3 (Venkov [4], Lemma 7.1). Let L be an even integral lattice of dimension n ≥ 2 and of minimum
4, and let e be a minimal vector of L. Denote by p the orthogonal projection on the hyperplane H = e⊥,
put Le
′ = {x ∈ L | (e, x) ≡ 0 (mod 2)}, and let Le = p(Le′). Suppose that one of the following two
assumptions holds:
(1) There is x ∈ L such that (e, x) ≡ 1 (mod 2);
(2) We have (y, e) ≡ 0 (mod 2) for all y ∈ L, and L contains a vector x such that (e, x) ≡ 2 (mod 4).
Then, Le is a odd integral lattice of minimum at least 3, and we have det(Le) = det(L) under assumption
(1) and det(Le) =
1
4 det(L) under assumption (2).
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Now, we set O1 =
√
3Z. We denote by O7 (resp. O23) the projected Le associated with the lami-
nated lattice Λ8 (resp. Λ24). Finally, we denote by O22 (resp. O16) the orthogonal of O1 (resp. O7)
in O23. Only these five lattice are the strongly perfect lattices of minimum 3, classified by B. B. Venkov [4].
For an orthonormal basis ε1, . . . , εd of R
d, we often denote
(A1)
2k := {±(ε2i−1 ± ε2i) ; 1 6 i 6 k} (A1)2k := 〈(A1)2k〉
Dd := {±(εi ± εj) ; 1 6 i < j 6 d} Dd := 〈Dd〉
(D4)
k := {±(εi ± εj) ; 4k′ − 3 6 i < j 6 4k′ for 1 6 k′ 6 k} (D4)k := 〈(D4)k〉
(D8)
k := {±(εi ± εj) ; 8k′ − 7 6 i < j 6 8k′ for 1 6 k′ 6 k} (D8)k := 〈(D8)k〉
f :=
ε1 + · · ·+ ε8
2
E8 := 〈D8, f〉
1. the Barnes-Wall lattice BW16
We will introduce the definitions of the lattices and vectors for the lattice neighboring in Figure 1 are
in the next section.
It is known that, in 16-dimensional space R16, there are just three unimodular lattices of minimum at
least 2 (cf. [1] Ch. 16). Furthermore, we can show the following fact:
Theorem 1.1. The integral lattices which include BW16 are isometric to one of the nine lattices in
Figure 1, namely BW16, O16, Λ16,2,1, Λ16,2,2, Λ16,2,3, Λ16,2,1
′, Λ16,2,2
′, Λ16,2,3
′, D+16, and E8 ⊥ E8.
It is easy to classify the above lattices. It is well known that the Barnes-Wall lattice BW16 is 2-
elementary, where we have 2BW ♯16 ⊂ BW16. Furthermore, we have the following:
Proposition 1.2. The 28 classes of BW ♯16/BW16 consisit of:
(i) the zero class,
(ii) 135 classes each represented by a vector of BW ♯16 of norm 2,
(ii) 120 classes each represented by a vector of BW ♯16 of norm 3.
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
2 and 3. We can easily check by computer search. In fact, we have 19381 integral lattices from the
combinations of the above classes. The following table contains the number of integral lattices which are
isometric to each lattice in Proposition 1.1:
BW16 1 O16 120 Λ16,2,1 3780 Λ16,2,2 9450 Λ16,2,3 2025
Λ16,2,1
′ 135 Λ16,2,2
′ 1575 Λ16,2,3
′ 2025 D+16 135
E8 ⊥ E8 135
In the following sections, we will introduce the definitions and some properties of lattices.
1.1. Definitions. Here, we denote some vectors
f0 :=
−ε1 + ε2 + · · ·+ ε8 − ε9 + ε10 + · · ·+ ε16
2
,
f1 :=
ε1 + · · ·+ ε8
2
+ ε9, f2 :=
−ε1 + · · ·+ ε8
2
,
g1 := ε1 + ε5 + ε9 + ε13, g2 := ε1 + ε3 + ε5 + ε7, g3 := ε1 + ε3 + ε9 + ε11,
g4 := ε1 + ε3 + ε13 + ε15, g5 := ε1 + ε2 + ε3 + ε4, g6 := ε1 + ε2 + ε5 + ε6,
g7 := ε1 + ε2 + ε7 + ε8, g8 := ε1 + ε2 + ε9 + ε10, g9 := ε1 + ε2 + ε11 + ε12,
g10 := ε1 + ε2 + ε13 + ε14, g11 := ε1 + ε2 + ε15 + ε16.
First, we have the following definition for the Barnes-Wall lattice BW16:
(2) BW16 := 〈2ε1, 2ε2, . . . , 2ε16, f0, g1, . . . , g11〉
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We also have the following generator matrix:
(3)
1
2
0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0
2 2 0 0 2 2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0
2 0 2 0 2 0 2 0 0 0 0 0 0 0 0 0
2 2 0 0 0 0 2 2 0 0 0 0 0 0 0 0
2 2 0 0 0 0 0 0 2 2 0 0 0 0 0 0
2 0 2 0 0 0 0 0 2 0 2 0 0 0 0 0
2 2 0 0 0 0 0 0 0 0 2 2 0 0 0 0
2 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0
2 2 0 0 0 0 0 0 0 0 0 0 2 2 0 0
2 0 2 0 0 0 0 0 0 0 0 0 2 0 2 0
2 2 0 0 0 0 0 0 0 0 0 0 0 0 2 2
−1 1 1 1 1 1 1 1 −1 1 1 1 1 1 1 1
1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA
Incidentally, we have the following more beautiful generator matrix of BW16 with another construction
(cf. [1] Ch. 4):
(4)
1√
2
0
BBBBBBBBBBBBBBBBBBBBBBBB@
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0
1 1 1 1 0 1 0 1 1 0 0 1 0 0 0 0
0 1 1 1 1 0 1 0 1 1 0 0 1 0 0 0
0 0 1 1 1 1 0 1 0 1 1 0 0 1 0 0
0 0 0 1 1 1 1 0 1 0 1 1 0 0 1 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1
CCCCCCCCCCCCCCCCCCCCCCCCA
Secondly, we have another definition O16 := 〈2ε1, 2ε2, . . . , 2ε16, f0, f1, g1, . . . , g11〉.
Thirdly, we define the three lattices, namely Λ16,2,1 := 〈(A1)16, f0, f1, g1, g2, g3, g4〉, Λ16,2,2 := 〈(D4)4, f0, f1, g1〉,
and Λ16,2,3 := 〈D8 ⊥ D8, f0, f1〉, where root systems in the above definitions are defined as Section 0.
Then, we have 〈2ε1, . . . , 2ε16〉 ⊂ (A1)16 ⊂ (D4)4 ⊂ (D8)2. These lattices are of dimension 16 and of
minimum 2, and its shell of norm 3 is spherical 5 design. Such lattices are classified in [3], there exist
just three.
Similarly, we define the three lattices, namely Λ16,2,1
′ := 〈(A1)16, f0, g1, g2, g3, g4〉, Λ16,2,2′ := 〈(D4)4, f0, g1〉,
and Λ16,2,3
′ := 〈D8 ⊥ D8, f0〉.
Finally, we define the two even unimodular lattice D+16 = 〈D16, f0〉 := 〈D8 ⊥ D8, ε1 + ε9, f0〉 and
E8 ⊥ E8 = 〈E8 ⊥ E8〉 := 〈D8 ⊥ D8, f0, f1〉.
1.2. Properties of lattices. The theta series of each lattice have the following form:
ΘBW16 = 1 + 4320 q
4 + 61440 q6 + 522720 q8 + 2211840 q10+ 8960640 q12+ · · ·
ΘO16 = 1 + 512 q
3 + 4320 q4 + 18432 q5 + 61440 q6 + 193536 q7
+ 522720 q8 + 1126400 q9+ 2211840 q10+ 4584960 q11+ 8960640 q12+ · · ·
ΘΛ16,2,1 = 1 + 32 q
2 + 1024 q3 + 8160 q4 + 36864 q5 + 127360 q6 + 387072 q7
+ 1016288 q8+ 2252800 q9+ 4564416 q10 + 9169920 q11+ 17395328 q12+ · · ·
ΘΛ16,2,2 = 1 + 96 q
2 + 2048 q3 + 15840 q4 + 73728 q5 + 259200 q6 + 774144 q7
+ 2003424 q8+ 4505600 q9+ 9269568 q10 + 18339840 q11+ 34264704 q12+ · · ·
ΘΛ16,2,3 = 1 + 224 q
2 + 4096 q3 + 31200 q4 + 147456 q5 + 522880 q6 + 1548288 q7
+ 3977696 q8+ 9011200 q9+ 18679872 q10+ 36679680 q11+ 68003456 q12+ · · ·
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ΘΛ16,2,1 ′ = 1 + 32 q
2 + 8160 q4 + 127360 q6 + 1016288 q8+ 4564416 q10+ 17395328 q12+ · · ·
ΘΛ16,2,2 ′ = 1 + 96 q
2 + 15840 q4 + 259200 q6+ 2003424 q8 + 9269568 q10+ 34264704 q12+ · · ·
ΘΛ16,2,3 ′ = 1 + 224 q
2 + 31200 q4 + 522880 q6 + 3977696 q8+ 18679872 q10+ 68003456 q12+ · · ·
Θ
D
+
16
= ΘE8⊥E8
= 1 + 480 q2 + 61920 q4 + 1050240 q6+ 7926240 q8 + 37500480 q10+ 135480960 q12+ · · ·
For unimodular lattices, we have Θ
D
+
16
= ΘE8⊥E8 = (θ
8
3 − 16∆8)2 = (θ163 + θ163 + θ163 )/2 and
ΘΛ16,2,3 = θ
16
3 − 32θ83∆8 = (θ163 + θ163 + θ163 − 2θ82θ84)/2, where ∆8 = 116θ42θ44 and θi for i = 2, 3, 4 are
known as Jacobi’s theta functions (See [1]). Similarly, we have ΘBW16 = (θ
16
3 + θ
16
3 + θ
16
3 + 30θ
8
2θ
8
3)/2.
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
3
4
5
6
7
8
9
BW16
d n s t
16 4320 6 7
16 61440 10 7
16 522720 14 7
O16
d n s t
16 512 4 5
16 4320 6 7
16 18432 8 5
16 61440 10 7
16 193536 12 5
16 522720 14 7
16 1126400 16 5
m
2
3
4
5
6
7
8
9
Λ16,2,1
d n s t
16 32 2 3
16 1024 6 5
16 8160 8 3
16 36864 10 5
16 127360 12 3
16 387072 14 5
16 1016288 16 3
16 2252800 18 5
Λ16,2,2
d n s t
16 96 4 3
16 2048 6 5
16 15840 8 3
16 73728 10 5
16 259200 12 3
16 774144 14 5
16 2003424 16 3
Λ16,2,3
d n s t
16 224 4 3
16 4096 6 5
16 31200 8 3
16 147456 10 5
16 522880 12 3
16 1548288 14 5
m
2
4
6
8
Λ16,2,1
′
d n s t
16 32 2 3
16 8160 8 3
16 127360 12 3
16 1016288 16 3
Λ16,2,2
′
d n s t
16 96 4 3
16 15840 8 3
16 259200 12 3
16 2003424 16 3
Λ16,2,3
′
d n s t
16 224 4 3
16 31200 8 3
16 522880 12 3
m
2
4
6
D
+
16
d n s t
16 480 4 3
16 61920 8 3
16 1050240 12 3
E8 ⊥ E8
d n s t
16 480 4 3
16 61920 8 3
16 1050240 12 3
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2. The laminated lattice Λ1 ≃ 2Z
We have the following obvious lattice neighboring from the laminated lattice Λ1 to the the unimodular
lattices Z:

1
Z
Determinant
4
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Figure 2. Lattice neighboring from Λ1
It is clear that Λ♯1 = Λ1 ∪ (ε1 + Λ1) ∪ (12ε1 + Λ1) ∪ (− 12ε1 + Λ1), and unique lattice which include Λ1
is Λ1 ∪ (ε1 + Λ1) = Z.
2.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ1 = 1 + 2 q
4 + 2 q16 + 2 q36 + 2 q64 + 2 q100 + · · ·
ΘZ = 1 + 2 q + 2 q
4 + 2 q9 + 2 q16 + 2 q25 + · · ·
On spherical designs, it is obvious that every nonempty shell of each lattice satisfies the equation (1)
for any polynomials of all degree t.
3. The laminated lattice Λ2 ≃
√
2A2
We have the following lattice neighboring from the laminated lattice Λ2:

2

2
(
1
2
e
1
)
Determinant
12
3
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1
2
e
1
Figure 3. Lattice neighboring from Λ2
Here, a Gram matrix of Λ2 is
t(e1, e2) · (e1, e2) = 2
[
2 −1
−1 2
]
, and we have Λ2(
1
2e1) ≃ Z ⊥ O1.
We can show the following fact:
Theorem 3.1. The integral lattices which include Λ2 are isometric to one of the above two lattices (in
Figure 3.), namely Λ2 and Λ2(
1
2e1).
It is easy to classify the above lattices. We have the following:
Proposition 3.2. The 12 classes of Λ♯2/Λ2 consisit of the following classes:
# of class norm of c.l. order
1 0 1
3× 2 1/3 6
3 1 2
1× 2 4/3 3
where ×2 means that classes are represented by some pairs of vectors as v and −v, and ‘c.l.’ means coset
leader.
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Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
1. We can easily check by computer search. In fact, we have 4 integral lattices, one of which is Λ2 and
the other three of which are isometric to Λ2(
1
2e1).
3.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ2 = 1 + 6 q
4 + 6 q12 + · · ·
ΘΛ2( 12 e1) = 1 + 2 q + 2 q
3 + 6 q4 + 4 q7 + 2 q9 + 6 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ2
d n s t
2 6 3 5
2 6 3 5
Λ2(
1
2e1)
d n s t
1 2 1 −
1 2 1 −
2 6 3 5
2 4 3 1
1 2 1 −
2 6 3 5
4. The laminated lattice Λ3 ≃
√
2A3
We have the following lattice neighboring from the laminated lattice Λ3:

3

3
(
1
2
e
1
) 
3
(
1
2
(e
1
+ e
3
))

3
(
1
2
e
1
;
1
2
e
3
)
Determinant
32
8
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Figure 4. Lattice neighboring from Λ3
Here, a Gram matrix of Λ3 is
t(e1, e2, e3) · (e1, e2, e3) = 2
[
2 −1 0
−1 2 −1
0 −1 2
]
,
and we have Λ3(
1
2 (e1 + e3)) ≃ (A1)3 and Λ3(12e1, 12e3) ≃ Z2 ⊥ A1.
We can show the following fact:
Theorem 4.1. The integral lattices which include Λ3 are isometric to one of the above four lattices (in
Figure 4.), namely Λ3, Λ3(
1
2e1), Λ3(
1
2 (e1 + e3)), and Λ3(
1
2e1,
1
2e3).
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It is easy to classify the above lattices. We have the following:
Proposition 4.2. The 32 classes of Λ♯3/Λ3 consisit of the following classes:
# of class norm of c.l. order
1 0 1
4× 2 3/8 8
3× 2 1/2 4
6 1 2
4× 2 11/8 8
1× 2 3/2 4
1 2 2
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm 1
and 2. We can easily check by computer search. In fact, we have 12 integral lattices from the combinations
of the above classes. The following table contains the number of integral lattices which are isometric to
each lattice:
Λ3 1 Λ3(
1
2e1) 6 Λ3(
1
2e1,
1
2e3) 4
Λ3(
1
2 (e1 + e3)) 1
4.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ3 = 1 + 12 q
4 + 6 q8 + 24 q12 + · · ·
ΘΛ3( 12 e1) = 1 + 2 q + 4 q
3 + 12 q4 + 4 q5 + 8 q7
+ 6 q8 + 6 q9 + 4 q11 + 24 q12 + · · ·
ΘΛ3( 12 (e1+e3)) = 1 + 6 q
2 + 12 q4 + 8 q6 + 6 q8 + 24 q10 + 24 q12 + · · ·
ΘΛ3( 12 e1,
1
2
e3) = 1 + 4 q + 6 q
2 + 8 q3 + 12 q4 + 8 q5 + 8 q6 + 16 q7
+ 6 q8 + 12 q9 + 24 q10 + 8 q11 + 24 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ3
d n s t
3 12 4 3
3 6 2 3
3 24 11 3
Λ3(
1
2e1)
d n s t
1 2 1 −
2 4 3 1
3 12 4 3
2 4 3 1
3 8 7 1
3 6 2 3
2 6 5 1
2 4 3 1
3 24 11 3
Λ3(
1
2 (e1 + e3))
d n s t
3 6 2 3
3 12 4 3
3 8 3 3
3 6 2 3
3 24 10 3
3 24 11 3
Λ3(
1
2e1,
1
2e3)
d n s t
2 4 2 3
3 6 2 3
3 8 5 1
3 12 4 3
2 8 6 3
3 8 3 3
3 16 11 1
3 6 2 3
3 12 8 1
3 24 10 3
3 8 5 1
3 24 11 3
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5. The laminated lattice Λ4 ≃
√
2D4
We have the following lattice neighboring from the laminated lattice Λ4:

4

4
("
1
)
(A
1
)
4

4
("
1
; "
2
)
D
4
Z
4
Determinant
64
16
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Figure 5. Lattice neighboring from Λ4
Here, for the above neighboring, we have the following generator matrix of Λ4:
0
BB@
2 0 0 0
0 2 0 0
0 0 2 0
1 1 1 1
1
CCA
We also have Λ4(ε1, ε2) ≃ Z2 ⊥ (A1)2.
We can show the following fact:
Theorem 5.1. The integral lattices which include Λ4 are isometric to one of the above six lattices (in
Figure 5.), namely Λ4, Λ4(ε1), Λ4(ε1, ε2), (A1)
4, D4 and Z
4.
It is easy to classify the above lattices. We have the following:
Proposition 5.2. The 64 classes of Λ♯4/Λ4 consisit of the following classes:
# of class norm of c.l. order
1 0 1
12× 2 1/2 4
12 1 2
12× 2 3/2 4
3 2 2
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm 1
and 2. We can easily check by computer search. In fact, we have 38 integral lattices from the combinations
of the above classes. The following table contains the number of integral lattices which are isometric to
each lattice:
Λ4 1 Λ4(ε1) 12 Λ4(ε1, ε2) 18 Z
4 3
(A1)
4 3 D4 1
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5.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ4 = 1 + 24 q
4 + 24 q8 + 96 q12 + · · ·
Θ(A1)4 = 1 + 8 q
2 + 24 q4 + 32 q6 + 24 q8 + 48 q10 + 96 q12 + · · ·
ΘD4 = 1 + 24 q
2 + 24 q4 + 96 q6 + 24 q8 + 144 q10 + 96 q12 + · · ·
ΘΛ4(ε1) = 1 + 2 q + 8 q
3 + 24 q4 + 12 q5 + 16 q7
+ 24 q8 + 26 q9 + 24 q11 + 96 q12 + · · ·
ΘΛ4ε1,ε2) = 1 + 4 q + 8 q
2 + 16 q3 + 24 q4 + 24 q5 + 32 q6 + 32 q7
+ 24 q8 + 52 q9 + 48 q10 + 48 q11 + 96 q12 + · · ·
ΘZ4 = 1 + 8 q + 24 q
2 + 32 q3 + 24 q4 + 48 q5 + 96 q6 + 64 q7
+ 24 q8 + 104 q9 + 144 q10 + 96 q11 + 96 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
2
4
6
8
10
12
Λ4
d n s t
4 24 4 5
4 24 4 5
4 96 12 5
(A1)
4
d n s t
4 8 2 3
4 24 4 5
4 32 6 3
4 24 4 5
4 48 10 3
4 96 12 5
D4
d n s t
4 24 4 5
4 24 4 5
4 96 12 5
4 24 4 5
4 144 20 5
4 96 12 5
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ4(ε1)
d n s t
1 2 1 −
3 8 3 3
4 24 4 5
4 12 5 1
4 16 7 1
4 24 4 5
4 26 9 1
3 24 9 3
4 96 12 5
Λ4(ε1, ε2)
d n s t
2 4 2 3
4 8 2 3
4 16 6 1
4 24 4 5
4 24 10 1
4 32 6 3
4 32 14 1
4 24 4 5
4 52 18 1
4 48 10 3
4 48 20 1
4 96 12 5
Z
4
d n s t
4 8 2 3
4 24 4 5
4 32 6 3
4 24 4 5
4 48 10 3
4 96 12 5
4 64 14 3
4 24 4 5
4 104 18 3
4 144 20 5
4 96 20 3
4 96 12 5
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6. The laminated lattice Λ5 ≃
√
2D5
We have the following lattice neighboring from the laminated lattice Λ5:

5

5
(
1
2
e
1
) 
5
(
1
2
(e
1
+ e
3
)) 
5
(
1
2
(e
4
+ e
5
))

5
(
1
2
e
1
;
1
2
e
3
) 
5
(
1
2
e
1
; f
1
) 
5
(
1
2
(e
1
+ e
3
);
1
2
(e
4
+ e
5
))

5
(
1
2
e
1
;
1
2
e
3
; f
1
)
Determinant
128
32
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Figure 6. Lattice neighboring from Λ5
Here, a Gram matrix of Λ5 is
t(e1, . . . , e5) · (e1, . . . , e5) = 2


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 −1
0 0 −1 2 0
0 0 −1 0 2

,
we denote f1 :=
1
2 (e1+2e2+2e3+e4+e5), and we have Λ5(
1
2 (e4+e5)) ≃ (A1)5, Λ5(12e1, f1) ≃ Z2 ⊥ (A1)3,
Λ5(
1
2 (e1 + e3),
1
2 (e4 + e5)) ≃ A1 ⊥ D4, and Λ5(12e1, 12e3, f1) ≃ Z4 ⊥ A1.
We can show the following fact:
Theorem 6.1. The integral lattices which include Λ5 are isometric to one of the above eight lattices (in
Figure 6.), namely Λ5, Λ5(
1
2e1), Λ5(
1
2 (e1 + e3)), Λ5(
1
2 (e4 + e5)), Λ5(
1
2e1,
1
2e3), Λ5(
1
2e1, f1), Λ5(
1
2 (e1 +
e3),
1
2 (e4 + e5)), and Λ5(
1
2e1,
1
2e3, f1).
It is easy to classify the above lattices. We have the following:
Proposition 6.2. The 128 classes of Λ♯5/Λ5 consisit of the following classes:
# of class norm of c.l. order
1 0 1
5× 2 1/2 4
16× 2 5/8 8
20 1 2
10× 2 3/2 4
16× 2 13/8 8
11 2 2
1× 2 5/2 4
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
1 and 2. We can easily check by computer search. In fact, we have 122 integral lattices from the com-
binations of the above classes. The following table contains the number of integral lattices which are
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isometric to each lattice:
Λ5 1 Λ5(
1
2e1) 20 Λ5(
1
2e1,
1
2e3) 60 Λ5(
1
2e1,
1
2e3, f1) 15
Λ5(
1
2 (e1 + e3)) 10 Λ5(
1
2e1, f1) 10
Λ5(
1
2 (e4 + e5)) 1 Λ5(
1
2
(e1 + e3),
1
2
(e4 + e5)) 5
6.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ5 = 1 + 40 q
4 + 90 q8 + 240 q12 + · · ·
ΘΛ5( 12 (e1+e3)) = 1 + 8 q
2 + 56 q4 + 32 q6 + 154 q8 + 64 q10 + 336 q12 + · · ·
ΘΛ5( 12 (e4+e5)) = 1 + 10 q
2 + 40 q4 + 80 q6 + 90 q8 + 112 q10 + 240 q12 + · · ·
ΘΛ5( 12 (e1+e3),
1
2
(e4+e5)) = 1 + 26 q
2 + 72 q4 + 144 q6 + 218 q8 + 240 q10 + 432 q12 + · · ·
ΘΛ5( 12 e1) = 1 + 2 q + 12 q
3 + 40 q4 + 28 q5 + 40 q7
+ 90 q8 + 62 q9 + 92 q11 + 240 q12 + · · ·
ΘΛ5( 12 e1,
1
2
e3) = 1 + 4 q + 8 q
2 + 24 q3 + 56 q4 + 56 q5 + 32 q6 + 80 q7
+ 154 q8 + 124 q9 + 64 q10 + 184 q11 + 336 q12 + · · ·
ΘΛ5( 12 e1,f1) = 1 + 4 q + 10 q
2 + 24 q3 + 40 q4 + 56 q5 + 80 q6 + 80 q7
+ 90 q8 + 124 q9 + 112 q10 + 184 q11 + 240 q12 + · · ·
ΘΛ5( 12 e1,
1
2
e3,f1) = 1 + 8 q + 26 q
2 + 48 q3 + 72 q4 + 112 q5 + 144 q6 + 160 q7
+ 218 q8 + 248 q9 + 240 q10 + 368 q11 + 432 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
2
4
6
8
10
12
Λ5
d n s t
5 40 4 3
5 90 8 3
5 240 12 3
Λ5(
1
2 (e1 + e3))
d n s t
4 8 2 3
5 56 8 1
4 32 6 3
5 154 16 1
5 64 10 3
5 336 24 1
Λ5(
1
2 (e4 + e5))
d n s t
5 10 2 3
5 40 4 3
5 80 6 3
5 90 8 3
5 112 10 3
5 240 12 3
Λ5(
1
2
(e1 + e3),
1
2
(e4 + e5))
d n s t
5 26 4 1
5 72 8 1
5 144 12 1
5 218 16 1
5 240 20 3
5 432 24 1
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ5(
1
2e1)
d n s t
1 2 1 −
4 12 3 1
5 40 4 3
5 28 5 1
5 40 7 1
5 90 8 3
5 62 9 1
5 92 11 1
5 240 12 3
Λ5(
1
2e1,
1
2e3)
d n s t
2 4 2 3
4 8 2 3
5 24 6 1
5 56 8 1
5 24 10 1
4 32 6 3
5 80 14 1
5 154 16 1
5 124 18 1
5 64 10 3
5 184 22 1
5 336 24 1
Λ5(
1
2e1, f1)
d n s t
2 4 2 3
5 10 2 3
5 24 6 1
5 40 4 3
5 56 10 1
5 80 6 3
5 80 14 1
5 90 8 3
5 124 18 1
5 112 10 3
5 184 22 1
5 240 12 3
Λ5(
1
2
e1,
1
2
e3, f1)
d n s t
4 8 2 3
5 26 4 1
5 48 6 1
5 72 8 1
5 112 10 1
5 144 12 1
5 160 14 1
5 218 16 1
5 248 18 1
5 240 20 3
5 368 22 1
5 432 24 1
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7. The laminated lattice Λ6 ≃
√
2E6
We have the following lattice neighboring from the laminated lattice Λ6:

6

6
(
1
2
e
1
) 
6
(
1
2
(e
1
+ e
3
))

6
(
1
2
e
1
;
1
2
e
3
) 
6
(
1
2
(e
1
+ e
3
);
1
2
(e
1
+ e
5
))

6
(
1
2
e
1
;
1
2
e
3
;
1
2
e
5
)
Determinant
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Figure 7. Lattice neighboring from Λ6
Here, a Gram matrix of Λ6 is
t(e1, . . . , e6) · (e1, . . . , e6) = 2


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

,
we have Λ6(
1
2 (e1 + e3),
1
2 (e1 + e5)) ≃ A2 ⊥ D4 and Λ6(12e1, 12e3, 12e5) ≃ Z4 ⊥ A2.
We can show the following fact:
Theorem 7.1. The integral lattices which include Λ6 are isometric to one of the above six lattices
(in Figure 7.), namely Λ6, Λ6(
1
2e1), Λ6(
1
2 (e1 + e3)), Λ6(
1
2e1,
1
2e3), Λ6(
1
2 (e1 + e3),
1
2 (e1 + e5)), and
Λ6(
1
2e1,
1
2e3,
1
2e5).
It is easy to classify the above lattices. We have the following:
Proposition 7.2. The 192 classes of Λ♯6/Λ6 consisit of the following classes:
# of class norm of c.l. order
1 0 1
27× 2 2/3 6
36 1 2
36× 2 5/3 6
27 2 2
1× 2 8/3 3
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
1 and 2. We can easily check by computer search. In fact, we have 514 integral lattices from the com-
binations of the above classes. The following table contains the number of integral lattices which are
isometric to each lattice:
Λ6 1 Λ6(
1
2e1) 36 Λ6(
1
2e1,
1
2e3) 270 Λ6(
1
2e1,
1
2e3,
1
2e5) 135
Λ6(
1
2 (e1 + e3)) 27 Λ6(
1
2
(e1 + e3),
1
2
(e1 + e5)) 45
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7.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ6 = 1 + 72 q
4 + 270 q8 + 720 q12 + · · ·
ΘΛ6( 12 (e1+e3)) = 1 + 10 q
2 + 104 q4 + 82 q6 + 430 q8 + 192 q10 + 1040 q12 + · · ·
ΘΛ6( 12 (e1+e3),
1
2
(e1+e5)) = 1 + 30 q
2 + 168 q4 + 246 q6 + 750 q8 + 576 q10 + 1680 q12 + · · ·
ΘΛ6( 12 e1) = 1 + 2 q + 20 q
3 + 72 q4 + 60 q5 + 100 q7
+ 270 q8 + 182 q9 + 300 q11 + 720 q12 + · · ·
ΘΛ6( 12 e1,
1
2
e3) = 1 + 4 q + 10 q
2 + 40 q3 + 104 q4 + 120 q5 + 82 q6 + 200 q7
+ 430 q8 + 364 q9 + 192 q10 + 600 q11 + 1040 q12 + · · ·
ΘΛ6( 12 e1,
1
2
e3,
1
2
e5) = 1 + 8 q + 30 q
2 + 80 q3 + 168 q4 + 240 q5 + 246 q6 + 400 q7
+ 750 q8 + 728 q9 + 576 q10 + 1200 q11 + 1680 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
2
4
6
8
10
12
Λ6
d n s t
6 72 4 5
6 270 8 5
6 720 12 5
Λ6(
1
2 (e1 + e3))
d n s t
5 10 2 3
6 104 8 1
6 82 6 1
6 430 16 1
6 192 10 1
6 1040 24 1
Λ6(
1
2
(e1 + e3),
1
2
(e1 + e5))
d n s t
6 30 4 1
6 168 8 1
6 246 12 1
6 750 16 1
6 576 20 1
6 1680 24 1
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ6(
1
2e1)
d n s t
1 2 1 −
5 20 3 3
6 72 4 5
6 60 5 1
6 100 7 1
6 270 8 5
6 182 9 1
6 300 11 1
6 720 12 5
Λ6(
1
2e1,
1
2e3)
d n s t
2 4 2 3
5 10 2 3
6 40 6 1
6 104 8 1
6 120 10 1
6 82 6 1
6 200 14 1
6 430 16 1
6 364 18 1
6 192 10 1
6 600 22 1
6 1040 24 1
Λ6(
1
2
e1,
1
2
e3,
1
2
e5)
d n s t
4 8 2 3
6 30 4 1
6 80 6 1
6 168 8 1
6 240 10 1
6 246 12 1
6 400 14 1
6 750 16 1
6 728 18 1
6 576 20 1
6 1200 22 1
6 1680 24 1
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8. The laminated lattice Λ7 ≃
√
2E7
We have the following lattice neighboring from the laminated lattice Λ7:

7
O
7

7
("
1
) 
7
("
2
+ "
4
)
O
7
("
1
)

7
("
1
; "
2
)

7
("
2
; "
4
) 
7
("
1
+ "
3
; "
2
+ "
4
)

7
("
1
; "
2
; "
4
)

7
("
1
; "
2
; "
1
+ "
3
)

7
("
2
; "
4
; "
1
+ "
3
)
D
7
Z
7
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Figure 8. Lattice neighboring from Λ7
Note that Λ7(ε1, ε2) ≃ Λ7(ε2, ε4) and Λ7(ε1, ε2, ε1 + ε3) ≃ Λ7(ε2, ε4, ε1 + ε3).
Here, for the above neighboring, we have the following generator matrix of Λ7:0
BBBBBBBB@
2 0 0 0 0 0 0
0 2 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 2 0 0 0
1 0 1 1 1 0 0
0 1 0 1 1 1 0
0 0 1 0 1 1 1
1
CCCCCCCCA
we have Λ7(ε1, ε2, ε4) ≃ Z3 ⊥D4 and Λ7(ε1, ε2, ε1 + ε3) ≃ Z4 ⊥ A3.
We can show the following fact:
Theorem 8.1. The integral lattices which include Λ7 are isometric to one of the above eleven lattices
(in Figure 8.), namely Λ7, O7, Λ7(ε1), Λ7(ε2+ ε4), O7(ε1), Λ7(ε1, ε2), Λ7(ε1+ ε3, ε2+ ε4), Λ7(ε1, ε2, ε4),
Λ7(ε1, ε2, ε1 + ε3), D7, and Z
7.
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It is easy to classify the above lattices. We have the following:
Proposition 8.2. The 256 classes of Λ♯7/Λ7 consisit of the following classes:
# of class norm of c.l. order
1 0 1
28× 2 3/4 4
63 1 2
36× 2 7/4 4
63 2 2
1 3 2
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
1, 2, and 3. We can easily check by computer search. In fact, we have 2981 integral lattices from the
combinations of the above classes. The following table contains the number of integral lattices which are
isometric to each lattice:
Λ7 1 O7 1 O7(ε1) 63 Λ7(ε1, ε2, ε4) 315 Z
7 135
Λ7(ε1) 63 Λ7(ε1, ε2) 945 Λ7(ε1, ε2, ε1 + ε3) 945
Λ7(ε2 + ε4) 63 Λ7(ε1 + ε3, ε2 + ε4) 315 D7 135
8.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ7 = 1 + 126 q
4 + 756 q8 + 2072 q12 + · · ·
ΘΛ7(ε2+ε4) = 1 + 12 q
2 + 190 q4 + 184 q6 + 1140 q8 + 632 q10 + 3096 q12 + · · ·
ΘΛ7(ε1+ε3,ε2+ε4) = 1 + 36 q
2 + 318 q4 + 552 q6 + 1908 q8 + 1896 q10 + 5144 q12 + · · ·
ΘD7 = 1 + 84 q
2 + 574 q4 + 1288 q6 + 3444 q8 + 4424 q10 + 9240 q12 + · · ·
ΘO7 = 1 + 56 q
3 + 126 q4 + 576 q7 + 756 q8 + 1512 q11 + 2072 q12 + · · ·
ΘO7(ε1) = 1 + 2 q + 12 q
2 + 88 q3 + 190 q4 + 120 q5 + 184 q6 + 832 q7
+ 1140 q8 + 506 q9 + 632 q10 + 2376 q11 + 3096 q12 + · · ·
ΘΛ7(ε1,ε2,ε4) = 1 + 6 q + 36 q
2 + 152 q3 + 318 q4 + 360 q5 + 552 q6 + 1344 q7
+ 1908 q8 + 1518 q9 + 1896 q10 + 4104 q11 + 5144 q12 + · · ·
ΘΛ7(ε1) = 1 + 2 q + 32 q
3 + 126 q4 + 120 q5 + 256 q7
+ 756 q8 + 506 q9 + 864 q11 + 2072 q12 + · · ·
ΘΛ7(ε1,ε2) = 1 + 4 q + 12 q
2 + 64 q3 + 190 q4 + 240 q5 + 184 q6 + 512 q7
+ 1140 q8 + 1012 q9 + 632 q10 + 1728 q11 + 3096 q12 + · · ·
ΘΛ7(ε1,ε2,ε1+ε3) = 1 + 8 q + 36 q
2 + 128 q3 + 318 q4 + 480 q5 + 552 q6 + 1024 q7
+ 1908 q8 + 2024 q9 + 1896 q10 + 3456 q11 + 5144 q12 + · · ·
ΘZ7 = 1 + 14 q + 84 q
2 + 280 q3 + 574 q4 + 840 q5 + 1288 q6 + 2368 q7
+ 3444 q8 + 3542 q9 + 4424 q10 + 7560 q11 + 9240 q12 + · · ·
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The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
2
4
6
8
10
12
Λ7
d n s t
7 126 4 5
7 756 8 5
7 2072 12 5
Λ7(ε2 + ε4)
d n s t
6 12 2 3
7 190 8 1
7 184 6 1
7 1140 16 1
7 632 10 1
7 3096 24 1
Λ7(ε1 + ε3, ε2 + ε4)
d n s t
7 36 4 1
7 318 8 1
7 552 12 1
7 1908 16 1
7 1896 20 1
7 5144 24 1
D7
d n s t
7 84 4 3
7 574 8 3
7 1288 12 3
7 3444 16 3
7 4424 20 3
7 9240 24 5
m
1
2
3
4
5
6
7
8
9
10
11
12
O7
d n s t
7 56 3 5
7 126 4 5
7 576 7 5
7 756 8 5
7 1512 11 5
7 2072 12 5
O7(ε1)
d n s t
1 2 1 −
6 12 2 3
7 88 6 1
7 190 8 1
7 120 5 1
7 184 6 1
7 832 14 3
7 1140 16 1
7 506 9 1
7 632 10 1
7 2376 22 1
7 3096 24 1
Λ7(ε1, ε2, ε4)
d n s t
3 6 2 3
7 36 4 1
7 152 6 1
7 318 8 1
7 360 10 1
7 552 12 1
7 1344 14 3
7 1908 16 1
7 1518 18 1
7 1896 20 1
7 4104 22 1
7 5144 24 1
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ7(ε1)
d n s t
1 2 1 −
6 32 3 3
7 126 4 5
7 120 5 1
7 256 7 3
7 756 8 5
7 506 9 1
7 864 11 1
7 2072 12 5
Λ7(ε1, ε2)
d n s t
2 4 2 3
6 12 2 3
7 64 6 1
7 190 8 1
7 240 10 1
7 184 6 1
7 512 14 3
7 1140 16 1
7 1012 18 1
7 632 10 1
7 1728 22 1
7 3096 24 1
Λ7(ε1, ε2, ε1 + ε3)
d n s t
4 8 2 3
7 36 4 1
7 128 6 1
7 318 8 1
7 480 10 1
7 552 12 1
7 1024 14 3
7 1908 16 1
7 2024 18 1
7 1896 20 1
7 3456 22 1
7 5144 24 1
Z
7
d n s t
7 14 2 3
7 84 4 3
7 280 6 5
7 574 8 3
7 840 10 3
7 1288 12 3
7 2368 14 3
7 3444 16 3
7 3542 18 3
7 4424 20 3
7 7560 22 5
7 9240 24 5
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9. The laminated lattice Λ8 ≃
√
2E8
We have the following lattice neighboring from the laminated lattice Λ8:
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Figure 9. Lattice neighboring from Λ8
Here, for the above neighboring, we have the following generator matrix of Λ8:0
BBBBBBBBBB@
2 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0
0 0 2 0 0 0 0 0
1 1 1 1 0 0 0 0
0 0 0 0 2 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1
CCCCCCCCCCA
We also have Λ8(ε1) ≃ Z ⊥ O7 and Λ8(ε1, ε2, ε3) ≃ Z4 ⊥ D4.
We can show the following fact:
Theorem 9.1. The integral lattices which include Λ8 are isometric to one of the above eleven lattices
(in Figure 9.), namely Λ8, O8, Λ8(ε1), Λ8(ε1, ε2), Λ8(ε1, ε2, ε3), Z
8, (A1)
8, (D4)
2, D8, and Z
8.
It is easy to classify the above lattices. We have the following:
Proposition 9.2. The 256 classes of Λ♯8/Λ8 consisit of the following classes:
# of class norm of c.l. order
1 0 1
120 1 2
135 2 2
Thus, to classify such lattices, we have only to consider the neighboring with the each vector of norm
1, and 2. We can easily check by computer search. In fact, we have 19381 integral lattices from the
combinations of the above classes. The following table contains the number of integral lattices which are
isometric to each lattice:
Λ8 1 Λ8(ε1) 120 Λ8(ε1, ε2) 3780 Λ8(ε1, ε2, ε3) 9450 Z
8 2025
(A1)
8 135 (D4)
2 1575 D8 2025 E8 270
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9.1. Properties of lattices. The theta series of each lattice have the following form:
ΘΛ8 = 1+ 240 q
4 + 2160 q8 + 6720 q12 + · · ·
Θ(A1)8 = 1+ 16 q
2 + 368 q4 + 448 q6 + 3184 q8 + 2016 q10 + 10304 q12 + · · ·
Θ(D4)2 = 1+ 48 q
2 + 624 q4 + 1344 q6 + 5232 q8 + 6048 q10 + 17472 q12 + · · ·
ΘD8 = 1+ 112 q
2 + 1136 q4 + 3136 q6 + 9328 q8 + 14112 q10 + 31808 q12 + · · ·
ΘE8 = 1+ 240 q
2 + 2160 q4 + 6720 q6 + 17520 q8 + 30240 q10 + 60480 q12 + · · ·
ΘΛ8(ε1) = 1+ 2 q + 56 q
3 + 240 q4 + 252 q5 + 688 q7
+ 2160 q8 + 1514 q9 + 2664 q11 + 6720 q12 + · · ·
ΘΛ8(ε1,ε2) = 1+ 4 q + 16 q
2 + 112 q3 + 368 q4 + 504 q5 + 448 q6 + 1376 q7
+ 3184 q8 + 3028 q9 + 2016 q10 + 5328 q11 + 10304 q12 + · · ·
ΘΛ8(ε1,ε2,ε3) = 1+ 8 q + 48 q
2 + 224 q3 + 624 q4 + 1008 q5 + 1344 q6 + 2752 q7
+ 5232 q8 + 6056 q9 + 6048 q10 + 10656 q11 + 17472 q12 + · · ·
ΘZ8 = 1+ 16 q + 112 q
2 + 448 q3 + 1136 q4 + 2016 q5 + 3136 q6 + 5504 q7
+ 9328 q8 + 12112 q9 + 14112 q10 + 21312 q11 + 31808 q12 + · · ·
The following table contains the (d, n, s, t)-configuration of each shell of norm m of the lattice:
m
4
8
12
Λ8
d n s t
8 240 4 7
8 2160 8 7
8 6720 12 7
m
2
4
6
8
10
12
(A1)
8
d n s t
8 16 2 3
8 368 8 3
8 448 6 3
8 3184 16 3
8 2016 10 3
8 10304 24 3
(D4)
2
d n s t
8 48 4 3
8 624 8 3
8 1344 12 3
8 5234 16 3
8 6048 20 3
8 17472 24 3
D8
d n s t
8 112 4 3
8 1136 8 3
8 3136 12 3
8 9328 16 3
8 14112 20 3
8 31808 24 3
E8
d n s t
8 240 4 7
8 2160 8 7
8 6720 12 7
8 17520 16 7
8 30240 20 7
8 60480 24 7
m
1
2
3
4
5
6
7
8
9
10
11
12
Λ8(ε1)
d n s t
1 2 1 −
7 56 3 5
8 240 4 7
8 252 5 1
8 688 7 1
8 2160 8 7
8 1514 9 1
8 2664 11 1
8 6720 12 7
Λ8(ε1, ε2)
d n s t
2 4 2 3
8 16 2 3
8 112 6 1
8 368 8 3
8 504 10 1
8 448 6 3
8 1376 14 1
8 3184 16 3
8 3028 18 1
8 2016 10 3
8 5328 22 1
8 10304 24 3
Λ8(ε1, ε2, ε3)
d n s t
4 8 2 3
8 48 4 3
8 224 6 1
8 624 8 3
8 1008 10 1
8 1344 12 3
8 2752 14 1
8 5232 16 3
8 6056 18 1
8 6048 20 3
8 10656 22 1
8 17472 24 3
Z
8
d n s t
8 16 2 3
8 112 4 3
8 448 6 3
8 1136 8 3
8 2016 10 3
8 3136 12 3
8 5504 14 3
8 9328 16 3
8 12112 18 3
8 14112 20 3
8 21312 22 3
8 31808 24 3
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